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1. 1 NTRODUCTION

IR a3 _,';evnous paper (Klshen 1942), a general method was developed
for expressinig any single degree of freedom:for treatments in the
case of the general symmetrical factorial design s™, s being-a prime
" positive integer or a power of a-prime -and m any positive integer,
in terms of its sets for main effects and interactions, and was utilized
for- obtaining expressjons for the unitary components of the third order
intetaction in a 3% design and -6f the second order interaction in
a 4% design. When, however, the single degree of freedom belongs to
a (k -- 1)-th order interaction (k varying from 1 to m), a simplified
and short-cut method of deriving these expressions has been described
“in the present paper and has been employed for deriving expressions
for the unitary components of the highest order interactions in the
© 35, 3%, 4% and 5° designs. -Throughout this paper, when dealing with
“the finite elements of - the m-dimensional ﬁmte projective geometry,
PG (m, 5), we shall as usual write their co- ordmates, equations, etc., as
“if  they belonged to the m- dlmenswnal finite Euclidean oeometry
. EG (m s) immersed in the prOJectwe geometry (Bose and Kishen, 1940).

2. METHOD OF OBTAINING EXPRESSIONS FOR ANY SINGLE DEGREE
OF FREEDOM. BELONGING TO THE (k — 1)-TH ORDER
INTERACTION IN AN s" DESIGN

In an s™ deswn let any treatment combination (or the quant1tat1ve
measure of the tesult of dpphcatlon of the treatment combination)
be represented by.the symbol o, a,’ ... a,™, where a, denotes the
i,-th lével of the r-th factor (i, varymg from 0 to s — 1, and r varying
from 1 to m).  Then any single degree of freedom belongmg to treat-
. ments may be written .as - -

L =0 ay a?‘zv. . ." a,™ (g dyy <ey iy varying from
. . X Otos—1),
where Liyiyoy, 188 constant coeﬂiclent such that 2711 [ 1y, = 0.
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land records alid -agricultural departments, -the-total number of villages
selected. for samplinig are divided.into two random- groups, one group .
" being assigned to the staff of one department and the other to-the
staff of the other department. As in.both cases the staff -works within
‘the area. under their normal Jurlsdlctlon no. special travelling is involved
and the cost of the survey is not affected. Without, therefore, affectmg
the efficiency of the survey, this sort of repllcauon can prov1de informa-
tion on the relative efficiency. w1th which the two agenc1es carry out ,

the field work. ‘
SUMI\MRY

T he method of 111terpenet1atmg samples is a de51gn for the. <ample
surveys'in which the sample units are arranged in sets;of two or more
1nterpenetratmg samples and the informationzfor each setsis.collected
in an -independent manner. Mahalanohis has used. this.design in the
area surveys he cartied out in Bengal and Bihar as a.means of control-
- ling the reliability-of field -work. -T he statistical efficiency. of the design
in relation to the precision of the estimate and the cost involved, “has
been examined in the present note. 1t has been shown that the’ method
leads to-an appreciable loss of mformatlon per unit of cost.. This Ioss
-for the jute area survey in Bengal is “computed at 21 per cent.: In
more extreme Cdses nearly half of the infotmation may be Tost, . “In
the case Where the sample units ate 1ndependently located--at random
and are then grouped Into. two subasamples .the loss of mfo1mat10n '
per unit of cost would still be 8 to 17 pet cent,
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It has been demonstrated in the previous paper that the expression
‘of L in terms of sets for majn effects and interactions for the unreph-
cated case is gwcn by

m_

2l

i1 4y iy

}L.: L | Sum of the :

s;m--l

1
— - sets for mam ef'fects and

interactions containing a, a,** ... a,,,"'"] ' )

The practical procedure of obtaining the expressions for any single
degree of freedom has been outlined in.the previous paper. When,
however, the single degree of freedom belongs to a (k — 1)-th order
interaction A, A4,, ... A, (4, Us, ..., Uy being some k of the integers
1,2, ..., m), the expression for it will involve only the sets for the -
interaction A, 4,, A,, and is easily derived by the simplified
procedure descrlbed in the subsequent paragraphs.

It is well known that the expressmn for a single degree of freedom
belonging to the hxghest order mteractwn Ay Ay, ... A, in the
factorial design s¥ formed by all combmatlom of the wu-th, u,-th,
..., and u,-th factors out of m factors of the factorial de51gn s”
(k < m), is of exactly ‘the same form ‘as the expression for this smzle
degree of freedom when considered as belongmg to the (k — 1)-th
order interaction A,, A,,l oo Ay in an s™ design. When, therefore,
the expression for a single degree of freedom belonging to a (k — 1)- th
order interaction 4, A, 4% of an s" design is required, i
would do to work out the expression for the single degree of freedom
in-the s* design formed by all combmatlons of the u,-th, u,-th,,
and wu,-th, factors, considering this single degree of freedom as belona-

ing to the highest order interaction of this design.

In the two-way table for treatment combinations and sets for main
effects and interactions for the s* design, o'nly the sets corresponding
to the (s — 1)** parallel pencxls of (k — )-flats in" PG (k, 5) given by

Xyt Gy Xy + 00 A,,,, 0y (lll, Ugy ooy Uy, fixed; do, ..o, 0y
=1,2,.~...’,s—1;t-O,l,...,s—l) - @3]
where ay, ay, ..., a,, are the s clements of GF (s), for the highest"

order interaction of the s* design need be entered instead of sets for
all the main effects and interactions of this.design. The treatment
- combinations- are written down in the usual systematic manner in the
" column on the extreme left, as shown in Table I in the case of the
4% design, and on the top of the subsequent (s — 1)*# columns of the
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table are entered systematically the left-hand sides of the equations of
the (s — 1** pencils in (2) (vide Table I). Under each of these
columns; each row is filled in by the number ¢ (varying from 0 to
§ — 1), where ¢ denotes ‘the element a, of GF (s) given by

ﬁ,\,,l—i—a,xm—}— e xy (o ﬁxed) - 3

(X'4pp X'y -+ o5 X7y,) being the finite point in PG (k, s) corresponding
_to the treatment combination on the extreme Teft of the horizontal row.

The two-way table may now be dealt with in s*=* portions,.each
containing s? treatment combinations corresponding to all combinations
of the first two, viz.,-u;-th and wue-th factors.” Consider the sets corres-
ponding to. the first s.— 1 pencils in (2), .the.left- hand sides of the
equatlons of which are given by

\,,l+ WX, alx,,ﬂ—%— Ay Xy e X, .. + ooy, \

xnl—}_ a2xug+ a1x412+ alxu;_}— v + Cl‘lxu;'—*_ cee + a’lxﬂ,_.,

xm+ ap“ u;_*- a1x11q+ (LlY"‘-f‘ + a‘] \’u + "I_ alxuk . (4)

xu; "z_ as__l.X”z—Jr CLlX““'Jr' CL]X,“—i— v h'— a]xur —1'_ Cee + X,

The remaining (s — 1)** — (s — 1) pencils -are. divisible. into
(s — D¥*—1 groups, each of s — 1 pencils, each of these groups
being similar to that in (4), the left-hapd sides of the equations of

" .the s — 1 pencils in the general group being given by

-\ful_{- a.l'“_‘ug_%_ aig;\‘llg+ a'i{'-\‘n{_‘_ L + 0"i'rxu'r-—}_ e —*_-vaihxuk

Xu;+ CL?_,\"";+ avi:;xu:;+ ai4”\.‘1}{+ vt a.irxu',._*" cot a’ilaA”'k

—

: 5
Xy, X, o+ @y Xyt 0 X M—}— A X e gy Xy )

le1+ 0. —1\11 + (L“\’” + a; Y1¢4+' + O“i x.u.+ e + aq '\‘11,

““Then' the dlﬂ"erence ‘between ‘any two correspondmg expresswns in
(4) and (5) comes out to be o

Qd§—a1) -\‘1,3+(ai,—-ai) xl;,+--_-,-+(u —ay) «\u Ha al)A,,L )
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which remains constant in each of the above s*=? portions of s?
treatment ‘combinations, since Xugs V- X, are the same for each
of the s? treatment combinations in each of the s*~* portions. Conse-
quently, the constant coefficients corresponding to the glven %mgle
degree of freedom of the highest order interaction in the s desrgn
need only be totalled up for the sets correspondmg to the first group
of s — 1 pencils, the totals of the coefficients for the sets correspond-
ing to the remaining (s — 1)**— 1 groups of s — 1 pencils being
readily written down from the totals for the first group in view of the
constancy of difference in the corresponding expressions in 4 and
(5) established above.. Thus, over the entire two-way table, the
totalling up of the coefficients has to be done for only the sets
corresponding to the first group of s — | pencils, in consequence of
which- the computational labour is reduced to about 1/(s — 1)"‘2 of
what would be required in the general procedure given in the previous
paper An actual example will further elucidate the procedure '

(2 1) ILLUSTRATION OF THE ABOVE PROCEDURE: EXPRESSION FOR
A'B’'C'D’'‘IN A 4% DESIGN

Let us consider a 44 design, viz.,
(Ggs ay; Ga, ag) X (by, by, by b3) X (Coy €1, Coy C3) X (o, dy, do, d),

and suppose it is required to obtain the expressron for the single
degree of freedom grven by

'A"B’C’D' (a;+ a?_— a,— ay) (by+ ba— b — by)
(es+ co— c1~— ¢) (ds+ dy— dy— dy) { 0

In this case there are 16 portions, each containing 16 treatment
combinations corresponding to all combinations of the first two factors,
of the two-way table of treatment combinations and 27 pencils of
3-flats in PG (4, 4) given by

X1+ a5, X+ a; X5+ a; Xy == a, (fzy s, ’1 =1,23;1=0,1,2, 35 (®)

where ag =10, 0, = 1, a3 == x and ag =1+ x are the 4 elements of
GF (2%). The sets of third. order interaction corresponding to these
pencils, written down in order in the usual systematic manner, may
be symbolized by Ry, Rs, Ry, ..., Ry, respectively. '

In Table I is given the last portion, of this two-way table comprised
of 16 gregtment combinations, The constant coefficients corresponding



' . et AN |
- 8 -
- .
: - 34 /|
T N = T VRS SR WN = O W N = O Te
- S L /
® 3 S
o B
Wow i W NN T N - B - I - - o= yd .
2/
Wow W oW W W W WoWw W WL W W WA ‘//
g v
/ o
W oW W W W W W [FO RN IO R IC R JCR VR SO H S N - / . &
: N - ) - P -
© =N W e o ow Now o = w N = Oy gty
N’
- o
N W o = o = N -0 w N W = o ™| x 42Xty
v N
-~ ) — | .
- 2 W N N W O o = ww b < o X | Xttt
& : .
- ~_ , !
(I - A I SR S =N W = D wm R ,E Xp Xy 254Xy
. i o~ )
O~ N W N oW o LR N T - T I NN I B SR o S S
; . e
- ) .
P N - T ) MW o = = oW NS X174 3xp-4-2x5 X,
. - N’
N L. . ~ "
- e v o =N WoR =0 v W O =y k34X
N’
. ~— -
WO e O = O W S = N oW N W o =X | xH2x+3x34x
S’
. ~—~ . :
O = N W oW N = 4 0 w N vow o =|® X1+3xg+3x5-+xy
. g
| . . . . -
Nw S = W TN = S =N W = O W N ; x1+,\‘2+x3\+2x4
. s :
‘. _A .
© = N W .G O WM o~ O = o w.Nn|B X1+ 2xy+xg+2xy
- v ~—~ .

P N = T~ S MW O = = ol woo | R X3 hag2xy
- . -' E . N
© = N W o= o W R I N Xy xo+2xy42x,

S’
. _ . ~ . .
NOW o = o = N - 2w N w N = o & | x2x+2x+2x
. < .
. Bt - .
_- O W NN W D © = MW oW N o= o> X1+ 3xs+2x5+2x,

40 ALAID0S NVIANI HL 40 TYNYNOI Q2

/} j'o 19§ 1T PUD SUONDUIGUIOD TUAWIDALY 10 2)qUl (VM-0Mi [0 uoiriod 1sD
‘1 eV

1L

1y IPLO P

4T HONIDAD

P ot UL

15159




8 =
. - E=! V4 &
WO e O W N m, O W N e D W N o= O 3 7. A
- 7 a8 / <l
5'5
- NB / E ;
W oW W W RN RN, s = = 0 00 o> &8 S 2 |
&2 3
3 / s
W W W W W W W W W W W W W W W W n / =
9
, // @0 e
w w w u»u w < w w w w W w _ W W w QA a ;: -«
. 4 3
: -
)
2 -2
P - I P - R R R T B X1+xo+3x3+2x3 2 <
5% « S
—_ N ',. . Iy ,
— oW R W N o, o N Wwe = o = o w2234 2 < |
; L : 3 o
. , = . : )
N WO = kO W N WN = OO0 = N W ? x1_+--x2+3A3+2x4 )
2 e, . o
S
- i
3
R
% s ~
— 0 W N O =N WL N = o W o =D XXty ‘o
' .
- S
o~ . - *
- W N RO =D W N O = NWw N WO — g’ X +2xy4xy+3xy ¢ §. =
- g NS =
| . o -~ " . 2
© m bW LN m, B m 5w N MmO =& | X3xtat3 = o
. 2 : . S - -
3
@
- _ - a
- ~ | 3 )
- A, S
) WN RO N WO = = O w NS = N W E | 2xty, o = |
:: ’ ~ | |
, O W oW om T RN W e = o = N ow| @2tk &
. < ’ o
~~ ' h s
MW e e m o W W N o= o = b owl| R | X3t 2x+3x ] {
. _ £, 00 |
fongd .
- e =
:..
- o) ' ' A
© = N W= QW NN WO = W N = O 5‘,” X14Xp4-3x5+3x; S é
< | : =
. X : = I : ) -3
VMW O om0 =N W om0 oW oW R o= o & | xF2x+gt3, - :
5 : x {
. = 2
—_— e W NN W e =, WweWw N o= O 5” X1+3xa+3xs 4 3x, 3 e
. 5
- 3
~
v =
‘0
. x 8o 8
e TR T S e T L T S i TR I S BBz &
— — — e —_ e — — — —_ e e e [9%a] FDE;
- 8= . QN .
g 2R R
. . J 7 3
N ’ .
. o

10 SNOILOVYHLNI ¥AQWO LSAHOIH HHL J0.SINENOJWOD XYVLINA
. . . R /

N




202  JOURNAL. OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

to the single degree of freedom (7) are shiown against each treatment
combination in the last column in Table I. Evidently, there are here
9 groups of 3 pencils each, and we have to total up the coefficients
for only the first group of 3. pencils, the left-hand sides of which are
given by ’ ’

X1+ Xat X3+ Xy, X4 2%+ X3+ Xy and X+ 3x+ X3+ Xy, )]

0, 1, 2, 3 denoting the 4 elements a,, a1, ay and a; of GF (22). These
pencils, as stated above, correspond to the sets R;, R, and R, respec-
tively of the third order interaction in this case. We shall denote the
4 sub-sets of the first set corresponding to the four 3-flats of the first
©pencil xy4 X3+ x5+ x,=0,1,2,3 by Ry, Rys, Ris, Ryp tespectively,
and similarly for the remaining 26 sets,

" Now, accumulating the constant coefficients, corresponding to the
above single degree of freedom, for the first group of three sets

corresponding to the first group of three pencils (9) we obtain totals
shown below in Table II.

TaBLE II
Totals of coefficients for the first group of three sets

\\ Set X1+ xy+x3+xy x1—|;2x2+x3.+x4 X1+ 3x,+x3+ x4
Sub-se\. Ry (R) (Ry)

AN
First  (0) 4 0 0
Sécond (1) 4 0 0
Third (2) —4 0 0
Fourth (3) —4 0 0

It would be seen from Table I that the totals of the coefficients for the
first sub-sets of the sets of the second group are respectively exactly
the same as the third sub-sets of sets of the first group, viz.,, — 4,
0, 0. Similarly, the totals of the coefficients for the first sub-sets of sets
belonging to the remaining groups may be directly written down,
as also those for the second, third and fourth sub-sets of sets belonging
to the eight groups other:than the first. The required totals are shown
in Table IIL

Adding up the totals of coefficiénts derived by this procedure for
‘the remaining 15 portions of the two-way table, we finally obtain

A'B'CD" = Ru+ Rp— Ria— Ry (10)
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3. MaxiMum NUMBER OF TYPES OF UNITARY COMPONENTS OF
A (k — 1)-TH ORDER INTERACTION IN AN s" DESIGN

“Two or more, unitary components of a (k — 1)-th order mteracuon’
in an s" design will be defined as belonging to the same type if their
expressions in terms of sets for the (k — I)-th order interaction “are
.exactly similar. For example, in Table 3 of the previous paper’
showing expressions for the components of the third order interaction
in a 34 design, the four components 4,8,C;D;, 4,B,C,Dy, 4,8,CyD; and
-A,B,CD, are of the same type, which may conveniently be represented
by. the set of .suffixes 2111, the number of components bélonging to
this type being. evidently the number of permutations of these suffixes.

Similarly, the six . componenté Ang,ClDl, A:8,CDy,  A1BCoDyy, -

A;B,C,D;, A1B,C,D, and-4,B,CyD, also belong to the same type 2211.
Since the suﬁixes cor1esp¢nd to the splitting up of a main eﬂ“ect.
into 5 — | unitary const'tuents it follows that the maximum number
of types of components of a (k — 1)-th order interaction in an’ s”
design equals the number of k-combinations of s — 1 suffixes when
each” suffix may be repeated any number of times. This number is
known to-be ((‘hryatal 1931, pp. 10- 12) L T

'lH' ek 2(’ (s~l)s(s+1l)k (§'+;k—2) o .(11)

Con51der the general type of unitary ‘component of a (k — l) th order
interaction in which the first suffix occtirs I, times, the second suffix
" I, times; in.general, the r-th suffix /, times; and, finally, the (s — 1) th
suffix /,_, times, whete lyy by ..., 1, ..., /.1 can assume any posmve )
integral values sub;ect to -the ‘restriction
, 21~=k R ( b
- =1 - N
Then from ‘what has been stated above it fo]lows that the number—
_ of unitary components of the (k — 1)-th -order interaction belonging
" to this type is - )
k.
“1 ”2 '_, s—1

.. . Then the total numiber of umtary components of the (k — 1) th
‘ order mteractxon is ev1dent1y .
k
% ’2 R |

,(13):

2 (14) .
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where the summatron is taken over all positive mteglal values “of
Ly lsy .0, ls_1 subject to the condition (12).

Now, by the multlnomml theorem for a positive integral index,
we have . ,
e et ... e (15)

(C]+ C2+. s _!" -Cs—l)k = Z [1| 12‘ B 13_1!

where I, l, ..., /,_; can take any pbsitive integral values subje'ct to the
restriction (12). : . .

Setting ¢, = ¢, =...=c,; = | in (15), we obtain

kT 3
C=D=Trrr - (19)

It follows from (13) and (16) that all the (s — I)* degrees of freedom
belonging to the (k — 1)-th orde1 interaction in an s™ design are thus
accounted for.

4. EXPRESSIONS FOR UNITARY COMPONENTS OF THE HIGHEST ORDFR
INTERACTIONS IN 35, 36, 44 AnD 52 DESIGNS

-We shall now apply the procedure adumbrated in the foregoing
Section to obtain expressions for all the possible types of components
belonging -to the highest order interactions in the case of the 35, 38,
4% and 5° designs in terms of sets for these iftteractions.

"(4.1) Expressions for components of the /11g/zeat order interaction in
3% design—The 16 sets, each of 2 degtees of freedorn, -of ‘the fourth
order interaction in a 3° design, viz., (do, di, ds)X (by, by, b)X ...
X {eg, €1, €5), denoted by Ny, Ny, ..., Ny, correspond respectively to the
16 parallel pencils of 4-flats in PG (5, 3) represented by the equations _

X+ oy Xet 05Xyt oy, X+ QX5 =2 Gy
- (i2a 13: 145 55 - 1’ 25 l = 05 19 2) ’ (17)

written in otder in the usual systematic mannef, u, =0, a, = 1,
a, == 2 being the three elements of GF.(3), The table showing these
sets has, however been -omitted for want of space. -

The maximum number of types of umta1y components in this
»cme is 2H; or 6. The ‘expressions for' these 6 types of components
of the fourth order interaction have been worked ot and are presented
in Table IS
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(4.2) Expressions for components of the fifth order interaction in

. 3% design—The 32 sets, each having two degrees of freedom, of the

fifth order interaction in a 3% design, viz., (ay, ¢y, a2)X (bg, by, b)) X ...

“ X (fo, J15 f2), symbolized by P1 Py, ..., Py, correspond' respectively to

the 32 parallel pencils of 5-flats in PG'(6, 3) represented by the
equations

c Xy g, ap Xt o4 X+ oy X5 ap X =
(iQ: i3, vy ie: 1, 2; =0, 152) (18)

“written in order systematically. As before, the table showing these

sets is omitted for lack of space.

The maximum number of types of components in. this case is 2H,
or 7., The e\(pressmns for these 7 types of components of the ﬁfth

‘order mteractmn have been found and are presented in Table V.

4.3) Fxpress;ons Jfor com[)onents of third order interaction in 44
design.—The 27 sets, each ‘carrying three degrees of freedom, of the
third order interaction in a 4* design, viz., (a4, @y, ds, ad)x(b‘,, by, by, by)
X (Coy Cuy Cos C3)X (o, dy, do, dy), are symbohzed by Ry, Ry, ..., Ry;, a5
already described in Section (2.1). These are not given for lack of
space. :

The maximum number of types of unitary componénts of the third

order interaction is 2H, -or 15. The expressions for these 15 types have

been derived when the partitioning of the degrees of freedom for a main
effect is in accordance with method (ii) ‘of the plevxous paper, and are
given in Table VI

(4.4) Expressions for components of second order interaction in 5°
design.—The 16 sets, each having four degrees of freedom, of the second
order interaction in a 53 design, viz., (dg, (1, g, @35 @)X (by, by, ba, by, by)
% (Cqy C15 Cay C3, Cg) Symbolized by My, M,, ..., M, correspond respec-
tively to the 16 parallel pencils of planes in PG (3, 5) represented by
the equations

‘\‘1—*_ a‘ia‘x2+ a‘viaxl’o =y (’25 i:} = 1’ 2) 35 4; t = 0§ 15 2, 3’ 4) (19)

tg=0, a; = |, ay'==2, &y =2 and a; = 4 being the five elements of
GF (5). 'These sets are, as before, omitted for want of space.

The partitioning of the 4 degrees of freedom for the first main
effect 4 may now be done as under:
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Ay = 2a;-+ a3— a;— :7.00 1
Ay = 2a,— a;— 2a,— a;+ 2a, ' ‘
Az = [ 2a,+ 2a,— a, i
Ay = a,— 4a;+ 6a,— da,+ d, - J

dnd similarly for the other two main eITects

Then the maximum number of types of compongiits of the

second order interaction is *H -or 20, for which the expressxons have
been presented in Table VII,

5. REDUCTION IN THE NUMBER OF POSSIBLE TYPES OF COMPONENTS 01
v A (k — 1)-TH ORDER INTERACTION IN AN §" DESIGN .

When the s — | unitary constituents of a main effect- are all of

distinct types and are not similar in groups of types, the-number of
possible types of components of a (k — [)-th order interaction in an
s" design equals the maximum number of these-types, viz., 1
When however, ‘the s — | unitary components of a main effect them-
selves reduce to g types (¢ <s — 1), it has been found that “H, is
the lower bound for the number ofdxstmct types of components of the
(k — 1)-th order interaction.

. Consider the components of the second order interaction in
a 5% design discussed above in Section (4-4) and the expressions fot
the 20 components given in Table VII. It will be seen that.the first
and third unitary components in (20) belong to the same type. Conse-
quently, the lower bound for the number of distinct types in this case
-is 10. Tt would appear from Table VII that the-number of distinct
types of components is also actually 10, under which the 20 types
of components given there can be classified. The distinct types and
the components belonging to each are shown in Table VIII.

Let us now take a 43 design and consider first the splitting up of
- 4 main effect according to method (ii) of the previous paper. In this
case, the first and third unitary components are of the same type. From
the éxpressions for the components of the second ordet interaction
given in Table 6 of the previous paper, it would appear that in this
case there are five distinct types of components symbolized by 111,
112, 122, 113 and 222, whilst the lower bound of the number of
possible types is *H, or 4. When, however, the splitting up of the
3 degrées of freedom for a main effect is according to method (i) of
the previous paper, all the three unitary constituents are of one and
the same type. -It would appear from Table V of the previous paper

(20).
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TasLE VIII

Distinct Types of Components of Second Order
Interaction in 5% Design

|
|
l
l
—
: Sl ‘g
] -
|
(
1

No. Distinct types Components belonging to the same distinct typés
" 111 1 1 |4 B, C, Ay B, Coi Ay B, Cy, A By G
l \' 2|1 1 2 |4 B, G, dAs By Ci, Ay B, C
B 3|1 2 2 |4 By Co Ay By Gy
N 4 | 2 2 2 |A4 B, Cy , . E
5|01 1 4 |4 B, Ci, Ai By C, ‘4s By G | )
) 6 | 1 4 4|4 B, Co A B C,
704 4 4|4 B G
8.2 2 4 |4 B G ,
‘9 2 4 4 |4, B C » -
. 101 2 4 |4 B C,, Ay By Gy .

fh’at all the unitary components of the second order interaction belong
to one type, the lower bound of the number of possible types of
components in this case being also 1. This result is also true for the
components of a (k — 1)-th order interaction in a 4™ design when
the. splitting up is by method (i). In the case of a 44 design, ‘the
expréssion for the component A’B'C'D’ of this type has already been .
worked out above in (7).

Let us finally consider a 4% design, expressions for the compo-

. nents of the third order interaction for which are given in Table VI.

The lower bound for the number of distinct types of components in

this case is 5, whilst the actual number of distinct types is found to be

7 under which all the 15 types of components shown in Table VI can

be categorized. The distinct types and the components belonging to
each are shown‘ in Table IX.

From the above examples, it is surmlsed that when in an s” design,

the sub-division of the s — 1 degrees of freedom for a main effect

results in only ¢ distinct types of unitary constituents, where g<s—1,

the number of distinct types of components of a (k — 1)-th order

interaction is "H,c when s is a prime number. When, however, s is

a power of a prime, “H,, is the lower bound for the number of these '
8
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* TaBLE IX

Distinct Types of Components of Third Order
Interaction in 4* Design

S1. No. Types Componenfs belonging to the same distinct types
1 |1 1 1 1| A4,B, C, Dy, Ay By Cy Dy A1 By Cy Dy
T2 1 1 1 2| AyB, C.Dy, Ay By C3 Dy, Ay By Cy Dy, Ay By Cy Dy
"3 |1 1 2 2| A4, B; Cy Dy, Ay By Cy Dy, Ag By Cy Dy
4 |12 2 2|A4,B, C,D,, Ay By C; D,
5 (222 2|48, C Dy
6 |1 13 3| 4B CDs
7 13333 As By C3 Dy

distinct ‘types, this number being actually equalled in some cases when
s is a power of 2,

6. CONCLUDING REMARKS'

" Given the expression for a type of unitary component of a -

(k — 1)-th .order interaction in an s™.design, it has not been possible

to evolve a method, if any, by which the expressions for the other

components belonging to- that type can be derived therefrom. If,
therefore, expressions for any components of the highest order inter-
actions in 35, 3%, 4* and 5% designs other than those given in. Tables
IV, V, VI and VII are required, these will have to. be obtained by the
procedure described in Section 2. o

7. SUMMARY

The general method for expressing any single degree of freedom
for treatments in the general symmetrical factorial de31gn s™, where
s is a prime -positive integer or a power of a prime and m any posltlve
integer, in terms of its sets for main effects and interactions developed
in the previous paper has been considerably simplified here when the
single degree of freedom belongs to a (k — 1)-th ‘order interaction
(k varying from 1 to m). This simplified method has been utilized for
obtaining expressions for single degrees of freedom belonging to the
highest order interactions in 3%, 3¢, 4% and 5% designs.

Types of components of a (k — 1)-th order interaction in an
s design (k varying from 1 to m) have been defined and it has been
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shown that the maximum number of types of these components is
*1H,, this upper bound being attained when the s — 1 unitary compo-
nents of each main effect are all of different types. When, however,
these reduce to only ¢ distinct types, the lower bound for the number

of distinct types of components is “Hy. -t is surmised that this lower
~ bound is always equalled when s is a prime number and also. sometimes
when s°is a power of 2.

It is not known whether a method ‘exists by which expressions
for the components of a (k — 1)-th order. interaction belonging to
one type can be derived from the given expression for one such
component. ’ ~

Finally, it is a pleasure to thank Messrs. R. M. Chatterjee and
. R. C. Pandya for -valuable assistance in the extensive numerlcal
calculations.
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